Recently it was shown that a molecule rotating in a quantum solvent can be described in terms of the 'angulon' quasiparticle [Phys. Rev. Lett. 118, 095301 (2017)]. Here we extend the angulon theory to the case of molecules possessing an additional spin-1/2 degree of freedom and study the behavior of the system in the presence of a static magnetic field. We show that exchange of angular momentum between the molecule and the solvent can be altered by the field, even though the solvent itself is non-magnetic. In particular, we demonstrate a possibility to control resonant emission of phonons with a given angular momentum using a magnetic field.
I. INTRODUCTION
Quite often, properties of quantum many-particle systems can be understood by considering their elementary building blocks -individual impurities coupled to a many-particle environment [1] [2] [3] . During the last years much effort has been focused on uncovering the physics associated with pointlike impurities, possessing simple or no internal structure. Such impurity problems date back to the concept of polaron first introduced by Landau and Pekar [4] [5] [6] . The polaron represents a quasiparticle consisting of an electron dressed by a cloud of crystal vibrations, and has become a standard tool to describe transport phenomena in solid state and chemical physics [7, 8] . Recently, controllable polarons have been realized in ultracold quantum gases of bosons and fermions [9, 10] . Another broad class of well-studied impurity problems involves a localized spin coupled to a bath of bosons [11] , fermions [12] , or other spins [13] .
In many settings, however, quantum impurities possess additional internal degrees of freedom, such as orbital or rotational angular momentum. Such problems arise, e.g. in the context of molecules rotating in superfluid helium [14] , ultracold alkali dimers interacting with a Bose-Einstein condensate (BEC) [15] , or electrons whose orbital angular momentum is coupled to the crystal lattice [16] [17] [18] [19] [20] [21] . Recently, one of us has demonstrated that problems of that sort can be conveniently addressed by introducing a new species into the quasiparticle zoo -the 'angulon' quasiparticle [22] [23] [24] . The angulon forms out of an impurity exchanging rotational angular momentum with a many-particle bath of some sort; it can be thought of as a quantum rotor dressed in a coat of orbital bath excitations. In a way, the angulon represents a rotational counterpart of the polaron, however, the non-abelian algebra of quantum rotations and their discrete spectrum render the angulon physics remarkably different.
The angulon theory has been tested against experiments on molecules trapped in superfluid helium nanodroplets. There, it was observed that the effective moment of inertia increases for molecules immersed in superfluid helium, as compared to free species [14] . This phenomenon is somewhat similar to renormalization of the effective mass of electrons interacting with a crystal lattice [8] . It was recently shown that the angulon theory can reproduce the effective moments of inertia for molecules in helium nanodroplets for a broad range of species, both in the weak-coupling and strong-coupling regimes [25] . Moreover, a coherent non-adiabatic rotation of angulons formed out of I 2 molecules has been experimentally demonstrated [26] . The angulon theory thereby offers an alternative approach to molecules in quantum solvents, along with established numerical techniques based on quantum Monte Carlo and Density Functional Theory calculations [27] [28] [29] .
The concept of angulons allowed to predict a number of novel physical phenomena associated with rotating impurities. As an example, it was demonstrated that for some values of impurity-bath coupling, orbital angular momentum can be resonantly transferred from the impurity to the bath, resulting in the 'angulon instabilities'. The fingerprints of these instabilities were identified in infrared spectra of molecules in helium nanodroplets [30] [31] [32] . Remarkably, such resonant transfer of angular momentum leads to anomalous screening of the impurities' dipole moments and polarizabilities, even if they reside in a neutral, non-polarizable environment [33] . Furthermore, angulon spectra reveal the rotational Lamb shift -the phononic analogue of the Lamb shift in hydrogen, as described by quantum electrodynamics [34, 35] .
In this paper we generalize the angulon theory to the case where the impurity possesses both rotational and spin-1/2 degrees of freedom and is exposed to a static magnetic field. Our main focus will be on open-shell diatomic molecules rotating in quantum solvents. It is important to emphasize that the angulon model (including Eqs. (16) and (15) below) has been originally derived for an ultracold molecule immersed in a weakly-interacting BEC, where the theory is expected to provide quantitatively accurate predictions. It has been shown, however, that one can approach the angulon Hamiltonian from a phenomenological perspective in order to describe the properties of molecules in superfluid 4 He, in good agreement with experiment [25, 26, 30] . Thus, while the theory is not designed to compete with numerical Monte Carlo calculations in accuracy, it is expected to provide qualitatively accurate predictions for molecules in liquid helium along with simple explanations for the underlying physics. Furthermore, the theory can be in principle generalized to other types of orbital impurities such as polyatomic molecules, non-spherical paramagnetic atoms, or p−, d−, or f −electrons. The paper is organized as follows. In Sec. II we derive the extended angulon Hamiltonian, which includes the impurity spin and the impurity-field interaction. In Sec. III we introduce an approach to the extended Hamiltonian, based on variational and diagrammatic techniques. In Sec. IV we analyze the angulon spectral function and the way it changes in a magnetic field, for various bath densities. Sec. V focuses on the angulon instabilities which result in resonant emission of phonons with a given value of angular momentum. In particular, we reveal the possibility to manipulate the angular momentum of phonons using a magnetic field. The conclusions and outlook of this paper are presented in Sec. VI.
II. SPINFUL MOLECULAR ANGULONS IN A MAGNETIC FIELD
We consider a molecular impurity with spin-1/2 and orbital angular momentum, immersed in a bosonic bath. In the presence of a magnetic field, the system can be described by the following Hamiltonian:
where the terms correspond to the bare molecule, moleculefield interaction, bosonic bath, and molecule-boson interaction, respectively. Note that we assume a neutral, spinless bath, such that its direct interaction with the magnetic field can be neglected. In the following subsections we describe each term of Eq. (1) in detail. In what follows, we use the units where ≡ 1.
A. Bare spinful molecule
The first term of Eq. (1) corresponds to a linear molecule with spin-1/2 ( 2 Σ electronic state), as given by the following Hamiltonian:
Here B = 1/(2I) is the rotational constant with I being the moment of inertia, and γ defines the spin-rotation coupling [36] . Since we focus on spin-1/2 molecules, in Eq. (2) we omit the constant shift proportional toŜ 2 . For higher spins (as, e.g., in 3 Σ molecules), the spin-spin interaction will lead to an additional term in H mol . Furthermore, here we consider an impurity whose translational motion is frozen in space, which is a good approximation for molecules in helium nanodroplets [14] . Our formalism, however, can be generalized to include the above mentioned terms, as well as to treat more complex impurities, such as polyatomic molecules [37] .
We denote the eigenstates of the bare molecular Hamiltonian (2) as |J = L ± 1/2, L, M J with the corresponding eigenenergies
Here J is the total (rotation+spin) angular momentum, L is the total rotational angular momentum and M J is the projection of J on the quantization axis. All three numbers are good quantum numbers. Note that the eigenstates can be written in the uncoupled basis as
B. Molecule-field interaction
The therm H mol-f describes a static magnetic field applied to the system:
where the dimensionless molecule-field interaction parameter is given by:
Here g s ≈ 2.0023 is the gyromagnetic ratio, µ B is the Bohr magneton, and H gives the magnitude of the magnetic field.
Assuming that the magnetic field affects only the spin degree of freedom (i.e. neglecting rotational magnetism in the case of molecules [36] ), the operator (5) couples only levels with the same L. In such a case, the eigenstates of the molecule+field Hamiltonian, H mol + H mol-f , represent fielddependent superpositions of the states |J, L, M J [38] :
In the presence of a field, L and M J are good quantum numbers, while J is not. However, in Eq. (7) we useJ as an adiabatic (approximately good) quantum number, such that
The exact form of the aJ LMJ (η) and bJ LMJ (η) coefficients of Eq. (7) is given in Appendix A. The eigenenergies of the |J , L, M J states are given by [38] :
where
D Molecule-boson interaction
C. Bosonic bath energy
The term H bos corresponds to the kinetic energy of the bosonic excitations in a quantum solvent, such as phonons, rotons, and ripplons in superfluid 4 He [39] . In its diagonal form, the bosonic bath Hamiltonian reads:
where ω k is the dispersion relation. The creation and annihilation operators of Eq. (12) are conveniently expressed in the angular momentum basis [24] :
Hereb † k andb k are the creation and annihilation operators defined in Cartesian space, and
are the spherical harmonics [40] . The quantum numbers k = |k|, λ, and µ, label, respectively, the linear momentum of phonons, the angular momentum of phonons, and the projection of the phonon angular momentum onto the laboratory-frame z-axis.
In Eq. (12), the form of the dispersion relation ω k depends on the particular system under consideration. Here, without loss of generality, we chose the dispersion relation corresponding to Bogoliubov excitations in a weakly-interacting BEC [41] :
Here ǫ k = k 2 /(2m) is the boson kinetic energy and g bb = 4πa bb /m parametrizes the interactions between the bosons of mass m, where a bb gives the boson-boson scattering length. While the Bogoliubov dispersion (15) does not provide a quantitatively good approximation to the properties of superfluid helium, in the regime of large values of g bb and n it qualitatively describes the properties of a dense superfluid for small momenta k. Furthermore, the theory can be extended to other types of excitations, such as rotons or lattice phonons.
D. Molecule-boson interaction
The last term of Eq. (1) determines the interaction between the molecule and the bosonic bath, as given by [22] :
(16) The form of this term stems from expanding the Hamiltonian in fluctuations around a homogeneous BEC of density n and applying the Bogoliubov approximation and transformation (a constant mean-field shift is omitted). In such a case the Fourier-space interaction potentials, U λ (k), can be obtained in closed form [22] :
where j λ (kr) is the spherical Bessel function, and V λ (r)
give the Legendre moments of the two-body interaction between the molecule and an atom from the BEC, V mol-at (r) = λ V λ (r)Y λ0 (θ r , φ r ) in the molecular frame. The spherical harmonic operators, Y λµ (θ,φ), in Eq. (16) arise due to rotation of the molecule-atom interaction potential from the molecular to the laboratory frame. The explicit dependence on the molecule angle operators, (θ,φ), makes the angulon problem substantially different from other impurity problems such as the Bose polaron [8] and spin-boson [11] models. It is important to note that while we consider the closed-form coupling of Eqs. (16) and (17) for simplicity, we expect the model to provide qualitative predictions beyond the range of applicability of the Bogoliubov approximation. For other types of impurities, such as electrons or non-spherical atoms, U λ (k) will assume a different form. Furthermore, the coupling constants U λ (k) are taken to be independent on the µ quantum number, which is the case, e.g. for linear molecular impurities [22, 24] . Treating more complex, nonlinear molecules requires µ-dependent potentials [30] . However, the microscopic details of the impurity-bath interaction are not expected to alter the effects discussed in this paper qualitatively. Therefore, in what follows we use the coupling given by Eq. (17) .
Note that the long-wavelength behavior of Eq. (17) is given by:
where ζ is a constant independent of λ. The term ζk λ+3/2 contributes to the rise of U λ (k) for small values of k, which is a consequence of the centrifugal barrier emerging for collisions with finite angular momentum. This behavior is illustrated in Fig. 1 , where U λ (k) is plotted for λ = 0 and λ = 1 at several densities.
III. THE ANGULON SELF ENERGY AND SPECTRAL FUNCTION
In order to uncover the behavior of spinful angulons in a magnetic field, we make use of the equivalence between the variational and diagrammatic approaches to the angulon problem, see Refs. [22, 24] for details. We start from the variational ansatz constructed of field-dependent molecular states and taking into account single-phonon excitations: where |0 is the vacuum of bosonic excitations, and Z
1/2 JLMJ
and β λjl (k) are the variational parameters obeying the following normalization condition:
Note that, despite the presence of the field, our variational coefficients are independent of m j , which comes from the fact that the interaction potentials U λ (k) are independent of µ. Moreover, in the presence of a field, M J is the only good quantum number of the system. In the variational ansatz of Eq. (19) , conservation of M J is accounted for by the ClebschGordan coefficient CJ ,MJ j,mj ;λ,µ [40] . The numberJ, despite its presence in the Clebsch-Gordan coefficients is not a good quantum number since the ansatz is constructed on top of states which are not eigenstates ofĴ 2 . This means that in Eq. (19) we neglect the processes whereJ changes due to the molecule-bath interactions, which is a good approximation away from crossings of levels with differentJ. This approximation becomes exact in the limit of η → 0, where J is a good quantum number.
In Refs. [22, 24] it has been shown, that by minimizing the functional
over ZJ LMJ and β λjl (k), one can derive the following Dyson equation for the angulon:
and
is the angulon self energy. Here KJ LMJ jlmj λ (η) is a coefficient resulting from the relevant angular momentum algebra, dependent upon Clebsch-Gordan coefficients, aJ LMJ (η), and bJ LMJ (η). The explicit form of KJ LMJ jlmj λ (η) is given in Appendix B. Furthermore, in the field-free limit, η → 0, the expression for the self-energy (24) can be simplified, see Appendix C for a detailed derivation.
Thus, by casting the variational problem in terms of the Dyson equation (22), we are able to access the energies of the excited states of the system by solving the following equation:
as well as to calculate the spectral function of the angulon, which is defined as:
IV. ZEEMAN EFFECT FOR ANGULONS
In this section we study the angulon spectral function, Eq. (26), in the presence of a magnetic field. In order to describe the effects quantitatively, we use the Gaussian-shaped potentials, V λ (r) = u λ (2π) −3/2 e −r 2 /(2r 2 λ ) and the following parameter values in dimensionless units: r 0 = r 1 = 1.5(mB) −1/2 and a bb = 3.3(mB) −1/2 , u 0 = 1.75u 1 = 218B, as previously used in Ref. [22] . Our choice of spinrotation coupling is γ = 0.418B, which is the value used in Ref. [38] .
In what follows, we focus on the substates belonging to L = 0 and L = 1 manifolds of rotational angular momentum. Fig. 2 shows the dependence of the angulon spectral function on the field-strength parameter, η. Fig. 2(a) corresponds to a vanishingly small density of the bath, and therefore reproduces the structure of bare molecular states in a magnetic field [38, 42] .
The L = 0 and L = 1 manifolds of rotational angular momentum contain eight bare molecular Zeeman levels (J, L, M J ) with their parity given by P = (−1) L . As the magnetic field couples only levels with the same L, the parity remains unchanged in the presence of the field. For extreme values of the projection M J , i.e. M J = ±J withJ = L+1/2, the field-dependence of the levels, as given by Eqs. (9)- (11), reduces to the linear one. For other states, linearity of the energy dependence on the field occurs in the high-field regime due to Paschen-Back uncoupling of spin from rotation of the molecule.
Figures 2(b) and (c) reveal that for a finite bath density, the molecular levels are shifted towards lower energies. This effect, known as polaron shift, is a result of isotropic interactions between the impurity and the bath and has been widely studied for structureless impurities [8] . Apart from the polaron shift, Figures 2(b) and (c) reveal a complex spectral structure emerging from the molecule-bath interaction. Namely, a lot of metastable states (shades of yellow) appear in between the stable angulon states (dark lines).
In order to understand this fine structure in detail, in the middle and right columns of Fig. 2 we present the spectral functions for the four selected states, A(1/2, 0, −1/2), B(1/2, 0, 1/2), C(3/2, 1, 1/2), and D(3/2, 1, 3/2), at two selected values of the magnetic field strength, η = 2 (middle column) and η = 4 (right column).
The observed features are qualitatively similar to that predicted in Ref. [22] for the spinless angulon in the absence of a magnetic field. For the vanishingly low density of the bath,ñ = exp(−15), Fig. 2(a) , each of the states is given by a sharp peak, which approximately coincides with the molecule spectrum in the absence of a bath. For a finite density,ñ = exp(−7), an additional fine structure emerges in the spectrum, as labeled by the primed letters A ′ , B ′ , C ′ , and D ′ . This is the so-called Many-Body-Induced Fine Structure (MBIFS) of the first kind [22] , which emerges due to dressing of the stable angulon state with a phonon excitation carrying zero angular momentum, λ = 0 -this effect is described in more detail below. In a magnetic field, the position of this phonon wing changes in the same way as that of the stable angulon state: the states B, C, and D are shifted towards higher energies for larger η, while the energy of the A state decreases. For an even larger density,ñ = exp(−3), Fig. 2(c) , the splitting between the stable angulon peak and the attached phonon continuum increases further. Note that the features C ′ and D ′ for η = 2 and B ′ , C ′ , and D ′ for η = 4 move outside the range of the corresponding plots. Moreover, the further the phonon branch is from the main angulon line, the broader is the spectral feature associated with it.
To provide a detailed analysis of the physical phenomena happening in the presence of the bath and a magnetic field, in Fig. 3 we study the states one by one. The left column presents bath-free bare molecular states. While moving to the middle and right columns, first we notice the splitting of the levels due to the MBIFS which leads to splitting of lines in each plot into a doublet. This splitting results from the isotropic term U 0 (k) of the molecule-bath interaction in Eq. (16) and can be understood (approximately) as a splitting between the states |J, L, M J ⊗ |no phonons and |J, L, M J ⊗ |one phonon with λ = 0 . This effect is reminiscent of the phonon wings predicted for acetylene molecules in He nanodroplets in Ref. [43] , and will not be the main focus of our studies.
Secondly, we observe the emergence of instabilities which results from anisotropic interactions, U 1 (k) of Eq. (16) . The instabilities are highlighted in Fig. 3 by the blue dotted frames. It has been previously shown that such instabilities are accompanied by the transfer of angular momentum from the impurity to the bath, i.e. the resonant emission of phonons with nonzero angular momentum. Since in our model we include only the leading anisotropic interaction term, U 1 (k), the emitted phonon carries angular momentum of λ = 1, however excitations with higher angular momentum are also possible [44] . As an example, the state (1/2, 0, 1/2) features the exp(−7) and around η = 4.8 at the densityñ = exp(−3), as can be seen from the first row of Fig. 3 . These instabilities occur due to the interaction with the phonon continua of the states (1/2,1,1/2) and (1/2,0,-1/2), respectively. Another example is an instability of state (3/2, 1, −1/2), taking place around η = 2.5 at the density ofñ = exp(−3), which is due to interaction with the phonon continuum of the state (1/2, 0, −1/2). It was previously shown that the instabilities discussed above lead to anomalous screening of the impurities' dipole moments and polarizabilities [33] , and can be manipulated using an external electrostatic field [44] . Crucially, from Fig. 3 one can see that the position of the instabilities depends on the magnitude of the magnetic field η as well. This paves the way to control the resonant emission of phonons with a given angular momentum, as discussed in the following section. As an example, in Fig. 4 , plotted in absolute units, we illustrate the emergence of angulon instabilities for a molecule with the rotational constant B = 14.603 cm −1 (equal to that of CH), and the spin-rotation coupling γ = 0.4B, in a field of H = 2 T. Although Fig. 4 is plotted for a high solvent density of n = 10 22 cm −3 , we also quantitatively account for lower interactions (such as those occurring at lower densities of weakly-interacting BEC's) by including the regime of small interaction parameter u 0 in the plot (the ratio of u 0 /u 1 = 1.75 is kept constant).
V. ANGULAR MOMENTUM OF PHONONS IN THE SOLVENT
In this section we study the dependence of the phonon populations in individual λ channels,
on the magnitude of the magnetic field. Here, the phonon populationsβ λjl (k) can be obtained from the variational calculations as follows:
and the energy E found as a solution of Eq. (25) . The phonon populationsβ λjl (k) are related to the variational coefficients of Eq. (19) by the following normalization relation:
We elaborate on the mathematical difficulties of normalization in Appendix D and discuss the unnormalized quantities as they fully show the proportion between phonon populations for different λ channels. Fig. 5 shows the phonon populationsβ λ (k) for two lowest channels, λ = 0, 1, depending on the magnetic field strength η and the wavevector k. As discussed above, the phonons with λ = 0 emerge as a phonon wing surrounding the main angulon state, while the λ = 1 phonons are resonantly emitted at the angulon instability. This reflects itself in moderate emission of phonons into the λ = 0 channel across all studied densities and magnetic field and infinitely growingβ 1 (k) at the instabilities. By comparing Figs. 3 and 5 we can see that the strong emissions in λ = 1 channel occur for the same range of the field as the instabilities in the spectral function. Let us note that the instabilities can look differently on the spectral function plots -they can be manifested as line discontinuities or line broadening. Moreover, stable shape of the spectral function of (1/2,1,1/2) state forñ = e −3 corresponds to almost no emission to λ = 1 for this state and density.
Thus, by manipulating the angulon energies with a magnetic field, one can control the emission of phonons with a given angular momentum λ, and fine-tune the phonon populations in different λ-channels.
VI. CONCLUSIONS
In summary, we used the angulon theory to study a quantum impurity with spin−1/2 and rotational angular momentum, immersed in a many-particle bath of bosons, in the presence of an external magnetic field. We have shown that the field can be used to manipulate the exchange of angular momentum between the impurity and the bath, as mediated by spin-rotation coupling. In turn, this paves the way to manipulate the positions of the angulon instabilities [22-24, 33, 44] , and thereby control the angular momentum of phonons in the bath. Recently, the signatures of the angulon instabilities were found in spectra of molecules in helium nanodroplets [30] , which opens up a possibility to test the presented predictions in experiment. In particular, we expect that the effects predicted in this paper can be detected through electron spin resonance measurements on molecules in superfluid helium nanodroplets [45] . For typical 2 Σ molecules, such as CaF, SrF, and CH, the respective rotational constants are 0.338 cm −1 [46] , 0.250 cm −1 [47] , and 14.603 cm −1 [48] which makes η = 1 correspond to a field of 0.36 T, 0.27 T, and 15.62 T, respectively. Table I lists the quantities used throughout the paper in absolute units for 2 Σ electronic ground states of CaF, SrF, and CH molecules. Substantially smaller field magnitudes are expected to be required for molecules containing highly magnetic elements, such as erbium [49] and dysprosium [50] . We note that in the present work translational motion of molecules in a superfluid has been neglected. The rotation-translation coupling can lead to additional inhomogeneous broadening of the spectroscopic lines [51] and we are currently extending the angulon model to account for it.
Finally, we would like to note that the formalism presented here is quite general, and can be applied to any spinful impurity possessing rotational or orbital angular momentum, immersed into, in principle, any kind of a bosonic bath. Therefore, the predicted effects can find potential applications not only for molecules trapped in superfluid helium nanodroplets [14] and ultracold gases [52] , but also to Rydberg excitations in Bose-Einstein condensates [53] and nonequilibrium magnetism in solids [16] [17] [18] [19] [20] [21] . In this Appendix, we calculate the coefficients aJ LMJ (η) and bJ LMJ (η) resulting from diagonalization of the molecular and magnetic part of the Hamiltonian written in the field-independent basis:
For given L, M J , the molecular and magnetic part of the Hamiltonian in the matrix form reads:
Upon diagonalization we find eigenenergies as given by Eq. (9) and corresponding eigenstate coefficients given by:
The contribution of the interaction (fourth term of Eq. (1)) vanishes in Eqs. (B4), (B5), (B6), unlike the ψ
term, which is nonzero solely due to the interaction. We express the field-dependent states in the basis of Eq. (7), and decompose these states further as in Eq. (4). Now we can act with the spherical harmonics operators on the rotational kets, with the matrix elements given by [24, 40] :
Then, making use of the spin kets orthogonality we arrive at the final form of ψ
where we denoted
with aJ LMJ (η) and bJ LMJ (η) calculated in Appendix A.
Having calculated the functional F , we can now compute its derivatives with respect to the variational parameters: In this Appendix, we describe an intermediate case between that discussed in the main text and the original angulon theory introduced in Ref. [22] . Namely, we consider a zero-field limit, η = 0, in the presence of the spin-rotation coupling, γ = 0.
The new variational ansatz reads: 
As in the case when the field is present, we minimize the functional 
We calculate F term-by-term: 
Now we vary F with respect to the parameters, obtaining:
Then, substituting β from Eq. (C9) into Eq. (C8) we arrive at the following Dyson equation:
The last term in Eq. (C10) is the self-energy, from which one can obtain the Green's function and the spectral function.
Let us also note that the problem presented above does not influence the calculations of spectral functions. There, the integrals are of type ∞ 0 dk f (k) k−k0 . There still might be a pole, but as we calculate the spectral function, the form of Eq. (26) causes us to introduce a small but finite imaginary part to the denominator and take the real part of the integral. Mathematically, we know from Sokhotski-Plemelj theorem:
where P denotes the Cauchy principal value and a < k 0 < b, that by taking ǫ small enough, in our numerical method we approach the Cauchy principal value of the integral. Hence, had we been able to calculate the analytical form of spectral function from Eq. (26), it would differ from the one obtained numerically in this paper (with an introduction of a finite imaginary part) only by sharper spectral features.
